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f-biharmonic and bi- f-harmonic submanifolds
of generalized (k, u)-space-forms

Shyamal Kumar Hui*, Daniel Breaz and Pradip Mandal

Abstract

Here we have studied f-biharmonic and bi- f-harmonic submanifolds
of generalized (k, u)-space-forms and obtained a necessary and suffi-
cient condition on a submanifold of generalized (k, )-space-form to be
f-biharmonic and bi-f-harmonic submanifold. We have also studied f-
biharmonic hypersurfaces of said ambient space forms.

1 Introduction

An almost contact metric manifold M(¢,€,m,g) is called generalized (k, p)-
space-form if there exist f; € C°°(M), i = 1,2,3,4,5,6, such that its curvature
tensor R satisfies [5]

RX.Y)Z = (3 hiR)(X.Y)Z, (1.1)
i=1

where R;(X,Y)Z,i=1,2,3,4,5,6 are defined as

Rl(X’Y)Z = g(Y,Z)X *g(X7Z)K
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Ry(X,Y)Z = g(X,02)Y — g(Y,0Z)pX +29(X, ¢Y ) Z,
Ry(X,Y)Z = n(X)n(Z2)Y —n(Y)n(Z2)X + g(X, Z)n(Y )¢ — g(Y, Z)n(X)E,
Ry(X,Y)Z = g(Y, Z)hX — g(X, Z)hY + g(hY,Z)X — g(hX, Z)Y,
Rs(X,Y)Z = g(hY, Z)hX — g(hX, Z)hY + g(¢ohX, Z)dhY — g(¢hY, Z)dhX

Re(X,Y)Z = n(X)n(Z2)hY —n(Y)n(Z)hX + g(hX, Z)n(Y)§ — g(hY, Z)n(X)E

for all X,Y,Z € x(M), where h = %i’gqﬁ and £ is the usual Lie derivative.

Such a manifold of dimension (2n+1), n > 1 is denoted by M2?"*1(f1, fa, -+, fo).
In particular, if f; = %,fg = %,fg = %3 —k, fs =1,f5 = < and

fo =1 —p then M2"L(f, fa,--- , f6) turns out to the notion of (k, u1)-space-

forms.

For any two Riemannian manifolds (M, g) and (N, g/)7 the map ¥ : M — N

is called harmonic map if it is a critical point of the energy functional

N|—=

1

B(w) = [ lavfn, (1.2)

Several authors studied biharmonic submanifolds such as [1], [6], [7], [8], [9],
[15], [16] etc.

As a natural generalization of biharmonic map, Lu [10] defined f-biharmonic
map. A map ¢ : M — N is said to be f-biharmonic if it is a critical point of
the f-bienergy functional

Eas) =5 [ fir)Pas,, (13)

where 7(¢) is the tension field of . The Euler-Lagrange equation for f-
biharmonic map is

o () = [ra(¥) + (Af)T() + 2V 1y ;7(0), (1.4)

where 5(1)) is bitension field of .

n [13], Ouakkas et al. introduced bi-f-harmonic map. For f € C°(M), the
map ¢ : M — N is said to be bi-f-harmonic if it is a critical point of the
bi- f-energy functional

B3w) =3 [ flrs )Py, (1.5)

where 7/ (¢) = fr(¥)+dy(grad f). The bi- f-harmonic map are characterized
by the following Eular-Lagrange equation

THW) = fIV (1) = Vg y7r(¥) =0, (1.6)
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where JY(X) = —[Tr.gV¢VwX—V’éMX—RN(dw, X)dy). The f-biharmonic
submanifolds are also studied in [11], [12], [13].

In this paper we have investigated f-biharmonic and bi- f-harmonic sub-
manifolds of M?2"+1(f,---, fs). Section 2 is concerned with some prelimi-
naries. Section 3 is devoted to the study of f-biharmonic submanifolds of
M2 tL(f1,--+ | f¢). We have obtained a necessary and sufficient condition of
a submanifold of M?2"*1(f,,---, fs) to become a f-biharmonic submanifold
(see, Theorem 3.1). We also considered the necessary and sufficient condi-
tion of some particular classes of submanifolds of M?"*1(fi,--- fs) to be
f-biharmonic submanifolds (see, Corollary 3.1). In [17], Roth and Upadhyay
studied f-biharmonic submanifolds of generalized Sasakian-space-forms and
obtained the necessary and sufficient condition of a submanifold of general-
ized Sasakian-space-form to be f-biharmonic submanifold (see, Theorem 3.10
of [17]), which follows from Theorem 3.1 of present paper (see, Corollary 3.2).

As we know that a hypersurface is a manifold immersed in an ambient
manifold with co-dimension 1. The hypersurface is called f-biharmonic hy-
persurface if the isometric immersion is f-biharmonic map. In section 4,
we have obtained a necessary and sufficient condition of a hypersurface of
M?" L (f1,--- | f¢) to be a f-biharmonic hypersurface. Also in section 5 we
have studied bi- f-harmonic submanifolds and obtained a necessary and suf-
ficient condition of a submanifold of M?"+1(f;,---, fs) to become a bi-f-
harmonic submanifold. We also considered some particular classes of such
submanifolds.

2 Preliminaries

An (2n + 1)-dimensional smooth manifold M?"*! is said to be an almost
contact metric manifold [2] if it admits a (1,1) tensor field ¢, a vector field &,
an 1-form 7 and a Riemannian metric g which satisfy

P =0, n(eX)=0, ¢*X =-X+n(X), (2.1)
9(dX,)Y) = —g(X,0Y), n(X)=g(X,E), n) =1, (2.2)
9(¢X,9Y) = g(X,Y) —n(X)n(Y) (2.3)

for all vector fields X, Y on M and such manifold is denoted by M?"*1(¢, &, n, g).
An M?"+(¢ & n,g) is called a contact metric manifold [2] if dn(X,Y)
9(X, 6Y). )

Given a contact metric manifold M?"*1(¢, & 1, g), we define a (1,1) ten-
sor field h by h = %i’gqﬁ, where £ denotes the Lie differentiation. Then h
is symmetric and satisfies h¢ = —@h. Thus, if A is an eigenvalue of h with
eigenvector X, —\ is also an eigenvalue with eigenvector ¢X. Also we have



SUBMANIFOLDS OF GENERALIZED (k, 1#)-SPACE-FORMS 100

Tr. h = Tr. ¢h = 0 and hé = 0. Moreover, if V denotes the Riemannian
connection of g, then the following relation holds:

Vyé = —6X — ohX. (2.4)

If the characteristic vector field & belongs to the (k, p)-nullity distribution in
a contact metric manifold then such type of manifold is called (k, u)-contact
metric manifold [3]. In a (k, u)-contact metric manifold the following relations
hold [3]:

R = (k—1)¢*, k<1, (2.5)

(Vxo)(Y) = g(X + hX,Y)§ = n(Y)(X + hX), (2.6)
From (2.4), it follows that

(Vxn)(Y) = g(X + hX,¢Y). (2.7)

Again a contact metric manifold MQ"tl(qb,f,n,g) is said to be a generalized
(k, u)-space [4] if its curvature tensor R satisfies the [14]

R(X,Y)E=k{n(Y)X —n(X)Y} + p{n(Y)hX — n(X)hY'}

for some smooth functions k and p on M?"+1(¢, &, n, g), which are independent
of the choice of vector fields X and Y. If k and p are constants then the
manifold M is called a (k, u)-space, where full classification was given in [4].
Let M be an m-dimensional submanifold of M2"+1(f;,---, fs) and let V
and V= be the induced connection on the tangent bundle TM and the normal
bundle T+ M of M respectively. Then the Gauss and Weingarten formulae
are given by
vxy:VXY—‘rJ(X,Y) (2.8)

and -
VxV =—-AyX +VxV (2.9)

for all X,Y € I'(T'M) and V € T'(T-M), where o and Ay are second funda-
mental form and shape operator respectively for the immersion of M into M
and they are related by [19]

9(o(X,Y),V) = g(AyX,Y). (2.10)

From (2.8) and (2.9), we have the Gauss equation as

R(X,Y,Z,W) = R(X,Y,Z,W) (2.11)
- g(U(X’ W),O’(Y, Z)) + g(U(Xv Z)7U(K W)),
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where R is the curvature tensor of M with respect to induced connection V.
For any X € I(TM) and V € I'(T+ M), we can write

¢X =PX +FX and ¢V =tV + sV, (2.12)

where PX and FX are the tangential and normal components of ¢ X and tV
and sV are the tangential and normal components of ¢V, respectively.

A submanifold M of M2+ 1(fy,--- , fe) is said to be invariant (resp., anti-
invariant) if the structure vector field ¢ is tangent to M at every point of M
and ¢X C TM (resp., X C T+M) for any vector field X tangent to M at
every point of M, i.e. F =0 (resp., P = 0) at every point of M.

Proposition 2.1. [18/ In an m-dimensional invariant submanifold of M*"1(fy,
<+, fs), we have

I|IP|?=0, Tr.h" =Tr. (¢h)" =0, |(¢eh)T|? = |R"|>. (2.13)

3 f-biharmonic submanifolds of M2"*!(f,,--- , fs)

This section consists with necessary and sufficient condition of f-biharmonic
submanifolds of M2?"1(fy, -+, fe).

Theorem 3.1. A submanifold M™ of M?"*Y(f1,---, f¢) is f-biharmonic if
and only if the following relations hold:

Af
~AYH +Tr. (0(e;, Apei)) + 7JHTJFQV%UW)H (3.1)

= mfiH — 3f,PtH — f{|€7PH + mn(H)E} + fa{m(hH)" + (Tr. i7)H}
— fs{(h(WH)T)E = (Tr. WTY(RH)* + (Tr. (9h)7)(OhH)" — (Sh(ohH)T)" )
—fo{|€T P(RH) + (Tr. W7 )n(H)E" —n(hH)EM),

%grad|H|2 +2Tr. Agig(e;) + 2AH?(lnf) (3.2)
= —6foPtH —2(m — 1) fsn(H)E" +2(m — 1) fa(hH)" = 2fs{(h(hH)")T
—(Tr. KT)(hH)T + (Tr. (¢h)T)(ohH)T — (ph(ohH)T)T} — 2fe{|€T|*(hH)T
(T T )n(H)ET —n(hH)ETY,

where b, (ph)T, €T are tangential components and h*, (¢ph)*, &+ are normal
components of h, (¢h),& respectively.
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Proof. The equation of f-biharmonicity are defined in ([12], [17]). After pro-
jection of the equation 75 ¢(¢)) = 0 on both tangent and normal bundles, we
get the following equations

—ATH +Tr. (0(e;, Ages)) + %H + ZV%(lnf)H + (Tr. R(es, H)ey) =0,(3.3)
%7|H|2 4 2Tr Ay y(es) + 2(Tr. Rles, H)e))T + 245V (Inf) = 0.(3.4)
Let us consider {ej, es, -+ , emy} be an orthonormal basis of I'(T'M). Replacing
X=Z=¢andY = H in (1.1) we get,
R(e;, H)e; (3.5)
= filg(H,ei)e; — glei,ei) H} + fa{gles, dei)pH — g(H, pe;)ge;
+2g(ei, pH)gei} + fa{n(ei)n(ei) H — n(H)n(e;)e; + g(ei, e;)n(H)E
—g(H, ei)n(e:)&} + fa{g(H, ei)he; — g(ei, ei)hH + g(hH, e;)e; — g(hei, e;) H }
+f5{g9(hH, e;)he; — g(he;,e;)hH + g(dhe;, e;)ohH — g(phH, e;)phe; }
+fe{n(ei)n(e)hH — n(H)n(ei)he; + g(hes, ei)n(H)E — g(hH, e;)n(ei)S}.
In M2"+L(fy,--- | fs), we have

Tr.(P)=0, Tr. (F) =0, g(H,Fe;) = —g(tH, ¢;). (3.6)
Taking contraction of (3.5) and using (3.6) we get
Tr. R(e;, H)e; (3.7)

= —mfiH + 3fo(PtH + FtH) + f3{|¢"°H — n(H)&"
+mn(H)E} + fa{—mhH + (hH)T — (Tr. h¥T)H}
+fs{h(hH)T — (Tr. R"YhH + (Tr. (ph)")(phH) — ¢ph(¢phH)T'}
+6{|€TIPRH + (Tr. KT )n(H)¢ — n(hH)E}.
Substituting the tangential and normal parts of Tr. R(e;, H)e; from (3.7) in

(3.3) and (3.4) respectively, we get (3.1) and (3.2). This proves the theorem.
O

Corollary 3.1. Let M™ be a submanifold of M*"*(fy,---, fs). Then we
have the following:

1. M is invariant: M is f-biharmonic if and only if

f
AL A oA L
ATH +Tr. (o, Age)) + = H +2Vg  H  (38)

=mfiH — fs{|¢"PH +mn(H)¢T} + fam(hH)™
—f5{(h(hH)")" — (¢h(¢hH)")*}
—fe{|€" [P (hH)™ — n(hH)ET},
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%ﬁm? 2T Agiy(es) + 245 Y (Inf) (3.9)

= —6foPtH — 2(m — 1) fsn(H)" +2(m — 1) fa(hH)"
~2f5{(h(hH)")T — (ph(¢hH) ")} — 2fs{I€"|*(hH)T
—n(hH)E™}.
2. M is anti-invariant: M is f-biharmonic if and only if
Af

— L . . —_ l
A~H +Tr. (o(e;, Ane;)) + 7 H+ QV?(M”H (3.10)

=mfiH — 3f2FtH — f3{|¢"|*H + mn(H)¢*+}
+fa{m(hH)" + (Tr. KT)H} — fs{(h(hH)")"

—(Tr. h")(hH)™ + (Tr. (¢h)")(¢hH)™ — (ph(¢hH)")*"}
—fe{I€" P(RH) " + (Tr. KT )yn(H)E —n(hH)E"Y,

%?u{\? 2T Agig(es) + 245 Y (Inf) (3.11)

= —2(m — 1) fan(H)&" +2(m — 1) fs(hH)" — 2f5{(h(hH)")"
—(Tr. K")(hH)" + (Tr. (¢h)")(¢hH)" — (¢ph(phH)T)T}
—2fe{|¢"P(hH)" + (Tr. K" )n(H)E" —n(hH)E™ .

3. £€T-M: M is f-biharmonic if and only if

Af
— ) ) =/
A~H+Tr. (o(e;, Age;)) + H—|—2V§>(lnf)H (3.12)

— mfiH — 3f2FtH — famn(H)E + fo{m(hH)* + (Tr. hT)H}
— Fs A (R(RH)T): = (Tr. WTY(RH) + (Tr. (oh)7)(hH)*
—(Gh($hH)")} = fof (Tr. KT )(H)E — n(hH)E},

DVIHP +2Tr. Ag.p(es) + 245V (Inf) (3.13)
— 2(m — ) fa(hH)T — 25 { (W(hH)T) — (Tr. hT)(hH)"
+H(Tr. (9h)T)(¢hH)T — (¢h(ohH)T)T}.
4. £€TM: M is f-biharmonic if and only if
Af

— L . . —_— L
A~H +Tr. (o(e;, Ame;)) + 7 H+2V?(lnf)H (3.14)

=mfiH — 3foFtH — f3H + fo{m(hH)* + (Tr. ') H}
—fs{(R(hH)" )" = (Tr. K")(hH)™ + (Tr. (¢h)")(phH)*
—(¢h(phH)" )"} — fo(hH)*,
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%ﬁm? 4 OTr Agsp(e:) + 245N (Inf) (3.15)
= —6foPtH + 2(m — 1) fa(hH)" = 2fs{(h(hH)")"

—(Tr. W) (RH)T + (Tr. (¢h)")(¢hH)" — (oh(¢hH)T)"}
—2f{(hH)" —n(hH)E}.

Proof. The proof is a direct consequence of the Theorem 3.1 and using the
following facts:

1. Proposition 2.1 and F =0 as M is invariant.
2. P =0 as M is anti-invariant.

3. €7 = 0 and £+ = € if € is normal. Since ¢ is normal then M is anti-
invariant and so P = 0.

4. T =¢ €712 =1 and n(H) = 0 as ¢ is tangent.
O

Corollary 3.2. (Theorem 3.10 of [17]) A submanifold M™ of a generalized
Sasakian-space-form is f-biharmonic if and only if the following relations hold:

Af
— + . . \V4
A-H Tr. (J(e“ AHeZ)) + H + 2 ?(ln )H (316)

=mfiH —3fFtH — f3{|¢T > H + mn(H)&H},

%ﬁm? T Agig(es) + 245 Y (Inf) (3.17)
= —6foPtH — 2(m — 1) fsn(H)¢ET.

4  f-biharmonic hypersurfaces of M?""1(f,, - fs)

This section deals with f-biharmonic hypersurface of M2 1(f;,--- | fs) and
obtained the following:

Proposition 4.1. Let M?" be a hypersurface of M?"*1(fy,--- , f¢) with non-
zero constant mean curvature H and & € T'(TM). Then M is proper f-
biharmonic if and only if

Af

|(T|2 + 7 =2nf1 +3fo — f3+ f4Tr. nT
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or equivalently

scalpyy = 2n(2n—2)f1+6(n—1)fo— (dn—1)f3 (4.1)
+  (4n —=3)Tr. KT + fs{(Tr. hT)* — |hT||> + || (6h)T|?
— (Tr. (¢h)1)?} = 2fsTr. W + 4n*H? + MH,

where scalyr is the scalar curvature of M.

Proof. If M?" is a hypersurface of M2"T1(fy,--- , fs), then ¢H is tangent and
from (2.12), we get sH = 0.
Since £ € T'(T' M), then n(H) = 0. Now we have

—H +n(H)¢ = ¢*H = PtH + FtH

ie.,
PtH =0and FtH = —H. (4.2)
Also we have hH and ¢hH are tangent. Then from Theorem 3.1 we have
A
Tr. (o(es, Agei)) = {2nf1 + 3fa — f3 + fa(Tr. hT) — Tf}H (4.3)
Since Tr. (o(e;, Ae;)) = |o|*H, from (4.3) we have
2 ry_ Af
lo|"H = {2nf1 + 3f2 — fs + fa(Tr. h )_T}H (4.4)
Since H is non-zero constant mean curvature, we have from (4.4) that
A
|U‘2 =2nf1 4+ 3fs — f3s+ falr. T — Tf (4.5)
From (1.1) and (2.11) we have
2n
scaly = Z g(R(ei,ej)e;,e;) — |o* + 4n* H? (4.6)
ij=1

= 2n(2n—-1)f1+32n—-1)fa—2(2n—1)f5
+ 202n—1)fyTr. BT + fs{(Tr. BT)* — ||n"|]?
+ ()| = (Tr. (¢h)")?} = 2f6Tr. W' —|of? + 4n* H?.

Using (4.5) in (4.6) we have (4.1). This proves the proposition. O

Remark 4.1. There exists no proper f-biharmonic hypersurface with non-zero
constant mean curvature H of M?"+1(f; --. | fq) such that £ is tangent to M
and 2nf; + 3fy — fs + fuTr. hT — % <0.
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5 Bi-f-harmonic submanifolds of M*"*1(f,--- , fs)
This section deals with bi- f-harmonic submanifolds of M2"+1(f;,--- | fs) and
obtained the following:

Theorem 5.1. Let M™ be a submanifold of M*"*1(f1,--- , fs) with a posi-
tive f € C®(M™). Then M™ is bi-f-harmonic if and only if the following
relations hold:

mf*VEH +mf?Tr. (e, Age;) —mf(Af)H = 3mfVg A (5.1)

ITr o(ei, NV f) — fTr. V* o(ei, ¥ f) —m|VfI2H — o(SV £,V f)

= mf? [mfiH = 3f2FtH — fo{|€72H +mn(H)E} + fa{m(hH)*

+(Tr. KYHY — fs{(h(hH)T)* — (Tr. KT)(hH)* 4 (Tr. (oh)T)(phH)*

*(¢h(¢>hH)T)L}*fa{\€T|2(hH)l+(TT W )n(H)E*

—n(hH)EH}| - [3f2FP7f + fylm 7f e + 1= m)(h(V )+

LB HTYE = (Tr. KDYV )L + (Tr. (60)T)(oh ™ £)*-

~(oh wﬁf }+ follET 3 ( ﬁf (Tr. h%ﬁf)& —n(hV et}
and

mzf2?|H\2 +2mf2Tr. (Agopges) + 3mfAH?f (5.2)

4 Rieas(¥ )+ FF Q) + Tr(A, g e — 5 V(T 1)

= m | = 6fPtH —2m — 1) fan(H)E" +2(m = 1) i (hH)"
— J5{(W(hH)TYT = (Tr. KT)(hH)" + (Tr. (9h)7)(ShH)"
—(Sh(PhH)™)"} = 2f6{€7 1P (hH)T + (Tr. W )n(H)E"
—n(hH)ETY] = £ = film = 1)V £ + 3PV f
+1{ETRPY f+ (m—2m(V ) sT + {2 = m)(h(F )T
(Tr. KT)S Y + f54( ﬁf (Tr. KT ﬁf

+Tr. (6h)T (6hV )T — (¢h( wﬁf Ty + fo{ €T P (WY )T
T BTp(S NET — n(hY £)ET) }

where hT i%?f th ?f are tangential components
and ht, (

& (h (?f)) (qﬁh(?f respectwely

are normal components of h, (¢ph),



SUBMANIFOLDS OF GENERALIZED (k, 1#)-SPACE-FORMS 107

Proof. The equation of bi- f-harmonicity are given by [17]
mf*VEH +mf*Tr. o(ei, Age:) —mf(Af)H = 3mfVg H  (5.3)
T o(e, VO f) — fTr. V7 o(en, % f) = m| SV f2H — o(S £, ¥ f)
= —mf*Tr. (Rles, H)e)* = fTr. (Re:, ¥ fles)*

and

mzf2 VIH? + 2mf2Tr. (Ag. gei) + 3mf Ay S f (5.4)

+F Riew (V1) + FOAf) + JTr (A, ¢ pe) — 5 V(T P)
— —9mf2Tr. (R(es, H)e:)T — fTr. (Rlei, ¥ f)e)T

Putting X = Z =¢; and Y = ?f in (1.1) and then taking summation over
i1=1,---,m we have

Tr. Re;, ¥ f)e; (5.5)
= —fi(m—1 ?f+3f2 PZ?HFPW}H?,{MT 2V f

(Y ET + (m = (Y HE} + F{(L=m)(W(V f)) + (WY f)T
—(Tr. KT ?f}+f5 WY £)T) = (Tr. hT) iﬁf

H(Tr. (6h)T) (@R £)} — (6h( ¢>ﬁf )+ fol €T R(hY )

(T hT ?f )e — n(h¥ f)ED.

Substituting the tangential components of (3.7) and (5.5) in (5.3) we get (5.1)
and normal components of (3.7) and (5.5) in (5.4) we get (5.2). O

Corollary 5.1. Let M™ be a submanifold of M*"*(fy,---, fs). Then we
have the following:
(i) M is invariant: M is bi-f-harmonic if and only if

mf?VEH +mf*Tr. o(ei, Apes) —mf(Af)H —3mfVg H  (5.6)
T (e, VSV f) = FTr. VY a(es, 8 f) —m|Vf12H — o(V £,V f)
= mf? [mfrH = fo{ |7 PH + my(H)E-} + fam(hH)*
—Fs{(h(hH)T)" = (6h(ShH)T)*} — fo{|€" [*(nH)*

—n(hHE Y] = F[3RFPY S + fo(m — (Y P)g*

11— m) (T )"+ LR £~ (6h(6hT )T}
TPV = n(h T g,
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mzfzﬁﬂ\? F2mf2Tr. (Agspges) + 3mfAg S f (5.7)

4 Rieas(V )+ FFA) + Tr(A g e — 5 (T 17)

= mf2| = 62PLH = 2(m = 1) fan(H)ET + 2(m — 1) fa(hH)"
—2fs{(h(hH)")" — (¢h(ohH)")"} — 2f6{|¢" [P (hH)"
—n(hH)ET}| - f[f ~)Vf+35PV S
+IAIETPY S + (m = 2m(V ET + fu{ (2 — m) (W(V )T
+f5{(h(WY £)T)T — ( ¢>h qsﬁf Ty 4 f{IET ﬁf
~n(h¥ NETY].
(i) M is anti-invariant: M is bi-f-harmonic if and only if
mf*VEH +mf?Tr. o(ei, Ape;) —mf(Af)H = 3mfVg M (5.8)
T (e, VSV f) = fTr VE a(en, 8 f) —m|Vf12H — o(V £,V f)
= mf? |mfiH = 3foFtH — f{ |67 2H +mn(H)E} + fa{m(hH)*
+(Tr. KOYHY — fs{(h(hH)T): — (Tr. KT)(hH)* + (Tr. (oh)T)(phH)*:
—(ph(phH))*} — f6{|£T|2(hH) + (Tr. K )n(H )El
—n(hH)E*}| — [fs (Y FE-+ fa(1 = m) (h(V 1)+
LY TV — (Tr. KTY R ) + Y (ohV f)*
—(h(oh¥ )Y} + fef€T P(WY £)- + (T hT>n<?f>§l
—n(h¥ e,

m22f2 ?|f[|2 + mezT’I“. (AVLHei) + 3mfAH?f (59)

£ Riea(V )+ FHAH) + FTrA, g pe) — 5 V(T 1)
= mf2| = 20m = 1) fon(H)E" +2(m — 1) fo(hH)" —2f5{<< H)")"

—(Tr. KDY (RH)T + (Tr. (6h)T)(6hH)T — (8h(ehH)T)T}
~2fe{I¢" P(RH)T + (Tr. K )n(H)E" ~ n(hH)E"}]
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—f[ — D)V +3HPVI+ STV
?f €T+f4 2 m) ?f (Tr. hT 23
+f5 fﬁf (Tr. KT h?f Y (GhV f)T
—($h(shV f)T) }+f6{|£T (W )T + (T, hT ?f)gT
—n(hV )T} ]

(iii) € € TXM: M is bi-f-harmonic if and only if
mf*VEH +mf*Tr. o(ei, Agei) —mf(Af)H = 3mfVg M (5.10)
T o(ei, VYV f) — fTr. V* o(ei, ¥ f) — m|V f|2H
= —o(V 1,9 1)+ mf? [mfH —3fFtH — famn(H)§ + fu{m(hH)*
+(Tr. KOYHY — fs{(h(hH)T): — (Tr. KTY(hH)* + (Tr. (ph)T)(phH)*
<¢h<¢hH>T>L} Jo{(Tr. KT )n(H)¢ - n(hH)f}] f[3RFPV s

+f41— RV )™ + fs{ (Y )T = (Tr. hTYRY f)*
+(Tr. wﬁf — (6h(6h¥ F)T)L} = fon( ﬁf 3

1 Rieas(V )+ FHA) + FTr(A, g pe) — 5 V(T IP)
— mf? [Q(m ) fa(hH)T — 25 {(h(hH)T)T — (Tr. KT)(hH)T
H(Tr (6h)T)(@hH)T — (6h(shH)T)TY] = f[ = fim - 1)V f

+3£P2V £+ £a{(2 = m)(h(V H)T)T = (Tr. KYV £} + 5 {(h(hV £)T)T
~(Tr BT)(BY )T + (Tr. (8h)T) (@R )T = (9h(oh¥ 1)T)7}].
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(iv) € € TM: M is bi-f-harmonic if and only if
mf*VEH +mf?Tr. o(ei, Agei) —mf(Af)H —3mfVg A (512)
T o(en, VY f) — fTr. V7 0(en, ¥ f) —m|Vf2H — o(V £,V f)
— mf? [mle —3foFtH — f3H + fo{m(hH)* + (Tr. h”T)H}

A (W)Y : = (Tr. KT)(RHY* + (Tr. (6h)T) (ohH)*
(6 <¢>hH>T>i} fﬁ(hHV] [3f2FPF/>f T fa(1 = m)(W(V )

+1{ (WY F)TYE = (Tr. BTY(RY £)* + (Tr. (6h)T)(6h¥ £)*
—(Gh(¢hV 1)1} + fol (Y )],

VIH? + 202 f2Tr. (Agsges) + 3mfAgS f (5.13)

m2f2
2
4 Rieas(¥ )+ FFAH) 4 Tr(A, g e — 5 V(T 1)
= mf2] = 6, PtH +2(m — 1) fu(hH)" — 2f5{(h(hH)")"
—(Tr. hT)(RH)T + (Tr. (6h)")(¢hH)T — (oh(ohH)T)T}
~2fs{(hH)” = n(hH)E}| = f| = film =1 ?f +3PPV f
+5{V 1 + (m = 2n(V )T + e (¥ )T
—(Tr. KO)Y £ + L (WY £)T)T — (T hT ﬁf
H(Tr. (8h)T)(hY )T = (6h( Wf T+ (T )T
+(Tr (S 1) = n(h ¥ 1)g)].
Proof. The proof is a direct consequence of the Theorem 5.1 and using the
following facts:
(i) Proposition 2.1 and F' = 0 as M is invariant.
(ii) P =0 as M is anti-invariant.

(iii) €7 = 0 and ¢+ = ¢ if ¢ is normal. Since ¢ is normal then M is anti-

invariant and so P = 0 and n(?f) =0.
(iv) €T = ¢, [€T]2 = 1 and € is tangent. O
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